
J. AIRCRAFT, VOL. 34, NO. 2: ENGINEERING NOTES 259

elliptic wing. Figures 1a and 1b show the spanwise distribu-
tions of the sectional induced drags for the cases of Table 1.
The dashed lines in Fig. 1a are analytical results based on
Hauptman and Miloh’s method,9 which produces the closed
solution of the linearized lifting surface problem for the thin
elliptic wings in steady incompressible potential � ow. As can
be seen from these � gures, both of two numerical methods not
only agree well with each other in the far- and near-� eld cases,
but almost agree with the theoretical results in Ref. 4. It is
noticed that neither of the numerical far-� eld induced drag
distributions for the circular wing follow the analytical result
based on Hauptman and Miloh’s method.9 Actually, when ap-
plying their method to the procedure in Ref. 4, the total in-
duced drag coef� cients of the circular wing with the angle of
attack being 1 rad are

N 2C = C /4 = 0.80169 . . .Di L

`2C 1 2LFC =Di O S16 (2j 1 1)(2k 1 1) 2j 2 2k 1 1j,k=0

1 2 1
2 2 1 = 0.80313 . . .Dj 1 k 1 2 2j 2 2k 2 1 j 1 k 1 1

where CL should be taken as the value predicted by their
method, 32/(8 1 p 2). The two values coincide with each other
only to the second decimal place, whereas the corresponding
values in Table 1a do so to three places. This result indicates
that their method may be approximate because it does not sat-
isfy the fact that the near- and the far-� eld induced drags
should agree in the thin wing theory.

Conclusions
This Note has investigated the accuracy in the induced drag

calculation using the discrete numerical lifting surface meth-
ods, QVLM and BISM. The formula presented for estimating
the leading-edge thrust distribution by the latter numerical
method has proven to be useful, which was different from that
of QVLM. Both numerical methods have given very close re-
sults with respect to both near- and far-� eld calculations of the
induced drag. Moreover, they have agreed very well with the
theoretical results presented in Ref. 4 rather than those based
on Hauptman and Miloh’s method.9
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Introduction

A FAIR amount of experience in airfoil design for various
applications has been gained over the years. This is be-

cause the aircraft industry needs to develop products for new
applications with an increased ef� ciency for achieving better
economic results. Today the airfoil design procedure is being
computerized. The speci� cation of airfoil geometry in a suit-
able functional form is quite useful when implementing a com-
puter code. Different methods for the design of airfoil shapes
have already been developed or are currently under investi-
gation.1– 3

The literature survey indicates that there is a need to look
for and try new functions to represent airfoil geometry. The
functional relationship used should be numerically well con-
ditioned as well as be suitable to represent a wide class of
airfoil shapes. It should also have computational ef� ciency. In
this study, the slope of the airfoil is represented by a Fourier
series expansion of the Wagner functions.4 It was found that
the representation of airfoil contour in terms of Wagner func-
tions seems to meet the previously mentioned requirements.
Studies with Wagner functions showed that a large class of
airfoils can be adequately described by a small number of
terms. The unknown coef� cients in the series representation
are obtained by the least-square method. Standard NACA and
NASA NFL(1)-00115 airfoil data5– 7 were used to test the suit-
ability of Wagner function representation of airfoil shapes. It
was observed that the results were quite satisfactory.

Analysis
Consider a symmetrical thin airfoil. The airfoil is assumed

to be at zero angle attack. The distance along the chord line
measured from the leading edge is denoted by x. Suppose that
the slope of airfoil can be represented as follows:

`

f 9(x) = 2A 1 A H (f) (1)0 n nO
n=0

where f is related to x by 1 2 2x = cos f and f 9(x) is the
slope of the airfoil. The Wagner functions are given by

2 cos[(n 1 1)f] 1 cos(nf)
H (f) = (2)n

p sin f

Equation (1) is integrated to obtain the airfoil contour and it
can be represented by

f 1 sin f f2f (u ) = A 2 sin0 FS D Gp 2
`

1 sin[(n 1 1)f] sin(nf)
1 1 (3)O H Jp n 1 1 nn=1

Standard airfoil shapes are used to test the suitability of Eq.
(3) in representing airfoil contours.

Received Aug. 13, 1996; revision received Nov. 12, 1996; accepted
for publication Nov. 18, 1996. Copyright Q 1997 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Associate Professor, Faculty of Engineering and Architecture,
Mechanical Engineering Department.



260 J. AIRCRAFT, VOL. 34, NO. 2: ENGINEERING NOTES

Fig. 4 Lower surface of NASA NLF(1)-0115 airfoil representa-
tion by Wagner function series.

Fig. 3 Upper surface of NASA NLF(1)-0115 airfoil representa-
tion by Wagner function series.

Fig. 2 NACA 16015 airfoil representation by Wagner function
series.

Fig. 1 NACA 0006 airfoil representation by Wagner function se-
ries.

Results and Discussion
Closed-form functional relationships are obtained to repre-

sent the various airfoil shapes by use of Wagner function se-
ries. The present method has the capability of generating a
wide class of airfoil shapes with a small number of terms.

In the present approach, simple Wagner functions are used
to characterize the airfoil shapes instead of using simple poly-
nomials. The use of polynomials is undesirable since it re-
quires too many parameters. The polynomials also require clo-
sure at the trailing edge of the contour. The Fourier series
representation also has the same limitations as the polynomials.
For these reasons, Wagner functions are used.

The basic idea here is to take a list of Wagner functions and
try to � nd a linear combination of them that approximates the
contour data as good as possible. A truncated form of Eq. (3)
is used in � tting the NACA 0006, NACA 161015, and NASA
NLF(1)-0115 airfoil contour data. A four-term Wagner function
representation and actual data for various airfoil shapes are
shown in Figs. 1 and 2 for the purpose of comparison. An examination of Figs. 1 and 2 shows that error in representing

airfoil shapes by a four-term Wagner function representation
is less than 1% in most instances. Highest error is seen at the
leading and trailing edges. Wagner function series is also used
to represent the upper and lower surface of NASA NLF(1)-
0115 airfoils, and the results are shown in Figs. 3 and 4, re-
spectively. A six-term Wagner function representation is used
for the lower surface of an NLF(1)-0115 airfoil. A � ve-term
Wagner function representation was found to be suf� cient for
the upper surface of the same airfoil. Again, error in repre-
senting the upper surface of the NASA NLF(1)-0115 by a � ve-
term Wagner function expansion is around 1%. On the other
hand, error in representing the lower surface of the NASA
NLF(1)-0115 airfoil by a six-term Wagner function expansion
is around 2%.

Conclusions
A closed-form solution has been presented to represent air-

foil shapes in terms of Wagner functions. It is clear from these
results that a variety of airfoil shapes can be represented by a
relatively small number of terms of a Wagner function series.
Unknown coef� cients of these terms are obtained by a least-
square, curve-� tting procedure. Wagner function series repre-
sentation was found to be quite useful when using thin airfoil
theory. Wagner function series may also be used to represent
the upper and lower surface of an airfoil. Nonsymmetrical air-
foil shapes could also be represented by Wagner function se-
ries. The Wagner function representation of the airfoil allows
fast calculations since all of the integrals are evaluated in
closed form. It is also expected that the computational ef� -
ciency of design procedure can be improved by using a func-
tional relationship representing airfoil shapes.
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